The Quarterly Journal of Mathematics Advance Access published on November 29, 2011
Quart. J. Math. 64 (2013), 149-175; doi:10.1093/qmath/har031

ON CERTAIN 5-MANIFOLDS WITH FUNDAMENTAL GROUP
OF ORDER 2
by IAN HAMBLETON'

(Department of Mathematics and Statistics, McMaster University, Hamilton, ON, Canada L8S 4K1)

and YANG SU*

(Hua Loo-Keng Key Laboratory of Mathematics, Chinese Academy of Sciences, Beijing 100190,
China)

[Received 9 June 2011]

Abstract

In this paper, an explicit classification result for certain 5-manifolds with fundamental group Z/2 is
obtained. These manifolds include total spaces of circle bundles over simply connected 4-manifolds.

1. Introduction

The classification of manifolds with certain properties is a central topic of topology, and in dimensions
>5 methods from handlebody theory and surgery have been successfully applied to a number of cases.
One of the first examples was the complete classification of simply connected 5-manifolds by Smale
[21] and Barden [1] in the 1960’s. This result has been very useful for studying the existence of
other geometric structures on 5-manifolds, such as the existence of Riemannian metrics with given
curvature properties. We consider this as a model and motivation for studying the classification of
non-simply connected 5-manifolds.

An orientable 5-manifold M is said to be of fibered-type if (M) is a trivial Z[7; (M )]-module. In
this paper, we are concerned with closed, orientable fibered-type 5-manifolds M> with ; (M) = 7Z,/2,
and torsion-free H, (M ; Z). The classification of these manifolds in the smooth (or PL) and topological
categories is given in Section 3. We give a simple set of invariants, namely the rank of H>(M; Z)
and the Pin'-bordism (TopPinT-bordism) class of a characteristic submanifold, which determine the
diffeomorphism (homeomorphism) types. Here is the main result in the smooth case.

THEOREM 3.1 Two smooth, closed, orientable fibered-type 5-manifolds M and M', with fundamental
group 7./2 and torsion-free second homology group, are diffeomorphic if and only ifthey have the same
wy-type, rank Hy(M) = rank H,(M') and [P] = [P'] € QZH‘T/:I:, where P and P’ are characteristic
submanifolds and t = c, —, 4 for wy-types 1, 11, 111, respectively.

Here szf;in* /% denotes the quotient set of the Pin-bordism group obtained by identifying each
element with its inverse (see Definition 3.5). The Pin-bordism variants and the w,-type notation are
explained in Section 2.
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The homeomorphism classification is given in Theorem 3.4. We also determine all the rela-
tions among these invariants (Theorem 3.6), and give a list of standard forms for these manifolds
(Theorems 3.7 and 3.11).

One motivation for this classification problem comes from the study of circle bundles M> over
simply connected 4-manifolds, since their total spaces are of fibered type. Duan-Liang [S] gave
an explicit geometric description of M> for simply connected total spaces, making essential use of
the results of Smale and Barden. As an application of our results, in Section 6 we give an explicit
geometric description when the total spaces have fundamental group Z/2.

THEOREM 6.5 (Type II) Let X be a closed, simply connected, topological spin 4-manifold, and & :
S < M> — X be a circle bundle over X with ¢\ (&) = 2-(primitive). Then we have the following
conditions:

(1) if KS(X) = 0, then M is smoothable and M is diffeomorphic to
(8% x RPY)gs1 (5> x §%) x 81);
(2) if KS(X) = 1, then M is non-smoothable and M is homeomorphic to
+(8% x RPY g ((He 5% x %) x S1),
where k = rank H,(X)/2 — 1.

In the statement, *(S?> x RP?) denotes a non-smoothable manifold homotopy equivalent to S? x
RP3. The corresponding results for the other w,-types are given in Theorems 6.7 and 6.8.

Classification results can also be useful in studying the existence problem for geometric structures
on fibered-type 5-manifolds. For example, a closed, orientable 5-manifold with 7; = Z/2, such that
w, vanishes on homology, admits a contact structure by the work of Geiges and Thomas [8]. They
showed that all such manifolds can be obtained by surgery on two-dimensional links from exactly 1
of 10 model manifolds.

The topology of such manifolds of fibered-type are described explicitly for the first time by our
results, and we note that all the manifolds listed in Theorem 3.7 satisfy the necessary condition
W3 = 0 for the existence of contact structures. Our results have already been used by Geiges and
Stipsicz [7] to prove new existence theorems for contact structures on 5-manifolds. It may be possible
to obtain similar information for fibered-type 5-manifolds which admit Sasakian or Einstein metrics
by using the work of Boyer and Galicki [2].

The surgery exact sequence of Wall [24] provides a way to classify manifolds within a given
(simple) homotopy type. However, in the application to concrete problems, one often faces homotopy
theoretical difficulties. In our situation, the setting of the problems is appropriate for the application
of the modified surgery methods developed by Kreck [14]. The proofs in Sections 4 and 5 are based
on this theory.

In dimension 5, the smooth category and the PL category are equivalent. By convention, M stands
for either a smooth or a topological manifold when not specified.
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2. Preliminaries
2.1. Pin'-structures on vector bundles

Recall that the groups Pin® (n) are central extensions of O (n) by Z/2

1 — Z/2 — Pin*(n) — O(n) — 1,
and Pin®(n) is a central extension of O (n) by U (1)

1— U(l) — Pin°(n) — O(n) — 1

(see [9, Section 2; 12, Section 1]). Let T € {c, +, —}. After stabilization we have classifying spaces
B Pin' and fibrations B Pin — BO. A Pin'-structure on a stable vector bundle £ over a space X is
a fiber homotopy class of lifts of a classifying map ¢ : X — BO to B Pin'.

LEMMA 2.1 [9, Lemma 1] (1) A vector bundle & over X admits a Pin-structure if and only if

B(w2(§)) =0 fori=c,
wy(§) =0 for f =+,
wa(§) = wi(§)* for = —,
where B : H*(X; 7Z/2) — H*(X; Z) is the Bockstein operator induced from the exact coefficient
sequence 7. — 7. — 7./ 2.
(2) PinE-structures are in bijection with H'(X; 7./2) and Pin®-structures are in bijection with

H*(X; 7).

Pin*-structures on a vector bundle £ over X are related to Spin-structures on an associated vector
bundle.

LEMMA 2.2 [12, Lemma 1.7] Let Spin (&) denote the set of equivalence classes of Spin structures on
&, and Pin*(£) denote the set of equivalence classes of Pin*-structures on &. There are bijections

Pin~(§) —> Spin(§ @ det§),
Pint (&) — Spin(€ @ 3det£),

which are natural under the actions of H' (X; Z./2).

It is well known that a Spin°-structure on a vector bundle £ is the same as a Spin-structure on
& @ y, where y is a complex line bundle with ¢ (y) = w,(§) (mod 2) (see [16, Corollary D.4]).
Similarly, a Pin®-structure on a vector bundle £ may be viewed as a Pin™ -structure on & & y, where
y is a complex line bundle with c;(y) = w1 (€)% + w,(§) (mod 2).
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2.2. wy-types and characteristic submanifolds

Let M be aclosed, orientable 5—111anif01d with 71 (M) = 7Z/2 and universal cover M. The manifold M
is said to be of wy-type Lif wy (M) # 0, of w-type ILif wo (M) = 0 and of wy-type L if wo (M) # 0
and w, (M) = 0. By the universal coefficient theorem, there is an exact sequence

0 — Ext(H,(M), Z/2) — H*(M;7/2) — Hom(H»(M), Z/2) —> 0.
LEMMA 2.3 M is of Type Il & wy(M) # 0 and wy(M) € Ext(H{(M), Z/2).

Proof. There is a commutative diagram

0 —— Ext(Hi(M),Z/2) —— H*(M;Z/2) — Hom(H,(M),Z/2) — 0

| | |

0 — Ext(H,(M),Z/2) — H*(M;Z/2) — Hom(H>(M),Z/2) — 0

Let p: M — M be the covering map; then ™M = p*TM and wz(]\71) = p*w,(M). By the
exact sequence (M) — Hy(M) — Hy(Z/2) — 0 and the fact Hy(Z/2) = 0 (cf. [3]), it is seen
that the map Hz(M) — Hy(M) is surjective; therefore the last vertical map in the diagram
Hom(Hy(M), Z/2) — Hom(Hz(M) Z/2) is a monomorphism. Thus, wy(M) = 0 if and only if
wy (M) € Ext(H\(M), Z./2).

REMARK 2.4 By this lemma, the Types II and III manifolds are manifolds having second Stiefel—
Whitney class equal to zero on homology. The existence of contact structures on these manifolds is
shown in [8].

Recall that for a manifold M" with fundamental group Z /2, a characteristic submanifold Pl
M is defined as follows (see [8, Section 5; 18]): there is a decomposmon M = AU TA such that
0A =0(TA) = P where T is the deck-transformation. Then P := P /T is called the characteristic
submanifold of M. For example, if M = RP", then P = RP"~!. In general, let f : M — RPY (N
large) be the classifying map of the universal cover, transverse to RPY~!; then P can be taken
as f~(RP""!). By equivariant surgery, we may assume that 77 (P) = Z/2 and that the inclusion
i : P C M induces an isomorphism on ;. Different characteristic submanifolds of M are bordant,
where a bordism is obtained from a homotopy between the relevant classifying maps. The above
construction also holds in the topological category by topological transversality [11].

In the smooth category, the division of the manifolds under consideration into three w,-types
corresponds to different Pin'-structures on their characteristic submanifolds, cf. [8, Lemma 9] for

f=x

LEMMA 2.5 Let M be a smooth, orientable 5-manifoldwith wy(M) = 7. /2 and Hy(M; Z) torsion-free.
Let P C M be a characteristic submanifold (with w1 (P) = 1, (M)). Then TP admits a Pin'-structure,
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where
c if M is of Type I,

t=4— if Misof Typell,
+ if M is of Type III.

More precisely, if M is of Type 11, then a Spin-structure on TM gives a Pin™ -structure on TP; if M is of
Type 111, then a Spin-structure on TM @ 2L gives a Pin" -structure on TP, where L is the non-trivial
line bundle over M; if M is of Type 1, then a Spin-structure on TM @ y gives a Pin®-structure on TP,
where y is a complex line bundle over M such that c¢i(y) = wa(M) (mod 2).

Proof. Leti : P C M be the inclusion and v be the normal bundle of this inclusion; then TP @ v =
i*TM.If M is of Type 11, a Spin-structure on TM induces a Spin-structure on 7P @ v = TP @ det TP;
therefore, by Lemma 2.2, gives a Pin™ -structure on 7P.

If M is of Type III, then TM @ 2L admits Spin-structures and such a structure induces a Spin-
structure on TP @ 3 det TP, and henceforth a Pin*-structure on 7P.

If M is of Type I, then TP has neither Pin™ nor Pin™-structures. Now TM @ y has Spin-structures.
Such a structure induces a Spin-structure on TP @ det TP @ i*y, and hence a Pin™-structure on
TP @ i*y. Since ¢;(i*y) = i*w,(M) = w; (P)?> + w,(P) (mod 2), we obtain a Pin‘-structure on
TP.

LEMMA 2.6 If M is of Type 11 or 111, then different characteristic submanifolds of M with the Pin*-
structures obtained by Lemma 2.5 represent a pair of mutually inverse elements in the corresponding
bordism group ngi.

Proof . If we fix a Spin-structure on 7M (or TM @ 2L), then it is clear that all different characteristic
submanifolds with the induced Pin*-structure are Pin*-bordant, for they are transversal preimages of
classifying maps of 7r; (M) and all such maps are homotopic. Now we fix a characteristic submanifold
P, then the two Pin®-structures on TP are related by the action of w; (P), and it is a general fact that
P with such two Pin®-structures give rise to a pair of mutually inverse elements in the corresponding
bordism group [12, p. 190].

3. Main results

Now we are ready to state the classification of the manifolds under consideration.

THEOREM 3.1 Two smooth, closed, orientable fibered-type 5-manifolds M and M', with fundamental
group 7./2 and torsion-free second homology group, are diffeomorphic if and only if they have the
same w,-type, rank Hy(M) = rank Hy(M') and [P] = [P’] € QE"“T/:{:, where P and P’ are the
characteristic submanifolds and T = c, —, + for Types 1, 11, 11, respectively.

REMARK 3.2 The notation QP /- was explained in Section 1. It is known that QF" = 0 [12].
Therefore, rank H,(M) is the only diffeomorphism invariant for the Type II manifolds.

There are topological versions of the central extensions mentioned above and we have groups
TopPin’(n), T € {c, +, —}. For the preliminaries on TopPin'(n) we refer to [9, 12]. Therefore, we
have corresponding results in the topological category.
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LEMMA 3.3 Let M be atopological, orientable 5-manifold with w\(M) = 7Z,/2 and H,(M; Z) torsion-
free. Let P C M be a characteristic submanifold (with 7t,(P) = 7y(M)). Then TP admits a TopPin"-
structure, where
¢ if M is of Type I,
T=1{— if Misof Typell,
+ if M is of Type III.

THEOREM 3.4 Two topological, closed, orientable fibered-type 5-manifolds M and M’, with funda-
mental group 7./2 and torsion-free second homology group, are homeomorphic if and only if they
have the same w,-type, rank H,(M) = rank H,(M') and [P] = [P’] € QZOmeT/:l:, where P and P’
are characteristic submanifolds and T = ¢, —, + for Types 1, 11, 111, respectively.

Pint TopPin* . TopPin® . .

The groups €2, and 2, are computed in [12]. €, is computed in [9, p. 654]. (Note
that the role of Pin™ and Pin~ in [9] are reversed since in that paper the authors consider normal
structures, whereas here we use the convention in [12], looking at the tangential Gauss map.) In a
similar way, we shall compute ngr below. We list the values of these groups:

T Qbin’ Invariants Generators
c Z/8®7Z/2 (arf, w3) RP?, CP?
+ 7/16 ? RP*

— 0 — —

T QIOPP'"‘ Invariants Generators
c Z2®Z/80Z/2 (KS, arf,w;) Es, RP* CP?
+ Z/2®Z/8 (KS, arf) Eg, RP*

— 7]2 KS Eg

Computation of Q5™°: the extension
1 — PinT — Pin° — U(l) — 1
induces Gysin sequence (cf. [9, p. 654])

L Qfi __, ofin® ne QP (BU(1)) — QM — ...

Since QF" = QF"" = 0 (see [12]), we have an isomorphism

o 05 grin gy (1)),

and the latter group is the same as Q)" (BU (1)), which is computed in [9].

The invariants in Theorem 3.1 are subject to certain relations.

DEFINITION 3.5 Define r =rank H,(M), q = [P] € QE‘*“/:I: ={0,1,...,8} and (q,s) =[P] €
QE‘“‘/:I: ={0,1,...,4} x {0, 1}.
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As an application of the semi-characteristic class [17], we have the following theorem.

THEOREM 3.6 Let M be a smooth, orientable S-manifold with wi (M) = 7/2 and torsion-free Hy(M),
having the invariants as above. Then these invariants are subject to the following relations:

Type Relation

I g+s+r=1 (mod2)
II r=1 (mod?2)

11T g+r=1 (mod?2)

Now we give a list of all the manifolds under consideration, realizing the possible invariants. We
need some preliminaries.

By a computation of the surgery exact sequence, it is shown in [24] that in the smooth (or PL)
category, there are four distinct diffeomorphism types of manifolds which are homotopy equivalent
to RP?; these are called fake RP3. An explicit construction using links of singularities (Brieskorn
spheres) can be found in [8]. Following the notation there, we denote these fake RP> by X°(g),
g =1,3,5,7, with X3(1) = RP?. These manifolds fall into the class of manifolds under considera-
tion. They are of Type Il and the Pin*-bordism class of the corresponding characteristic submanifold
isq € QEW /£=1{0,1,...,8}; see [8]. In our list of standard forms, these fake projective spaces
will serve as building blocks under the operation tg1—*‘connected-sum along S'’, which we explain
now; cf. [9].

Connected sum along a circle. Let M; (i = 1, 2) be oriented 5-manifolds with fundamental group
Z]2 or Z, and at least one of the fundamental groups is Z/2. Denote the trivial oriented four-
dimensional real disk bundle over S' by E. Choose embeddings of E into M; and M», representing a
generator of 7y (M;), such that the first embedding preserves the orientation and the second reverses
it. Then we define

Mg M, := (M) — E) Uy (M, — E).

Note that if one of the 5-manifolds admits an orientation-reversing automorphism, then the con-
struction does not depend on the orientations, and this is the case for the building blocks in the list
below, namely, S? x RP3, §2 x §? x §', X°(g) and CP? x S! admit orientation-reversing automor-
phisms. (The fact that X°(¢) admits orientation-reversing automorphisms follows from the fact that
RP3 admits orientation-reversing automorphisms and that the action of Aut(RP?) on the structure set
AARP) is trivial.)

The Seifert—van Kampen theorem implies that 7| (M 51 M>) = Z/2. The Mayer—Vietoris exact
sequence implies that Hy(M;tis1 M) is torsion-free, and hence M g1 M, is of fibered type. The
homology rank H,(M;#is1 M) = rank H,(M;) 4 rank H,(M,) + 1 if both fundamental groups are
Z./2, and rank Hy(M 851 M,) = rank H,(M,) + rank H,(M5) if one of the fundamental groups is Z.

Since 7;S0(4) = Z/2, there are actually two possibilities to form M, fis1 M,. However, from the
classification result, it turns out that this ambiguity happens only when we construct X°(¢)#s1 X°(q").
This does depend on the framings, and therefore X°(¢)tis1 X°(¢’) represents 2-manifolds. Note that
the characteristic submanifold of M 851 M, is Pitst P> (see [9, p. 651] for the definition of g1 for
non-orientable 4-manifolds with fundamental group Z/2). Therefore, if we fix Pin*-structures on
each of the characteristic submanifolds, then X°(q)fsi X°(g’) is well defined.

This construction allows us to construct manifolds with a given bordism class of characteristic
submanifold. Note that P;fg: P, corresponds to the addition in the bordism group QT”T. Now, for
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qg=0,2,4,6,8,choosel,!’ € {1, 3,5, 7} and appropriate Pin™ -structures on the characteristic sub-
manifolds of X°(/) and X°(I"), we can form a manifold X>(/)fis1 X°(I') such that the characteristic
submanifold [P] =¢q € QEW /=%. We denote this manifold also by X°(g). For example, we can form
X3(0) = X3(Dtg X°(1) and X°(2) = X° (1) X7 (1) with different glueing maps.

With these notations, the list of standard forms of the manifolds under consideration is given as
follows.

THEOREM 3.7 Every closed smooth orientable fibered-type 5-manifold with fundamental group 7./2
and second homology group 7" is diffeomorphic to exactly one of the following standard forms:

Type I: X°(q)8s1(S* x RP) g ((Hx $7 x §7) x 81, r =2k + (54 (=19)/2,

q €{0,...,4};
X3(@)2s1(CP? x SHggi (e $* x 82 x §Y), r=2k+ 3+ (=1)1)/2,
q €{0,...,4}

Type II: (52 x RP)H g ((He S2 x §2) x SV, r =2k +1;
Type IIL: X2 (g ((He S22 x §2) x SV, r=2k+ (1 +(=1)9/2, g €{0,...,8},

where t; 8% x S is the connected sum of k copies of S*> x S?.

REMARK 3.8 There can be other descriptions of the manifolds in the list. For example, we have a
(more symmetric) description of the Type II standard forms

(82 x RP¥)ttgi -+ 51 (S? x RP?).

k times

REMARK 3.9 Note that the universal covers of the manifolds under consideration have torsion-free
second homology, and therefore, according to the results of Smale and Barden, are diffeomorphic
to i, (8% x S3) or Bft,_;(S?> x §%), where B is the non-trivial S3-bundle over S?. From this point of
view, Theorem 3.7 gives the classification of orientation-preserving free involutions on 1,(S% x §%)
and Bfi,_;(S? x S3), which act trivially on H,. For example, consider the orientation-preserving free
involution on S? x §3 given by (x, y) — (r(x), —y), where r : §> — S is the reflection along a line
and — : §3 — S? is the antipodal map. Then the quotient space is actually the sphere bundle of the
non-trivial orientable R3-bundle over RP3. From Theorem 3.1 it is easy to see that this is just X (0).

REMARK 3.10 The above list may be of use in the study of geometric structures on these manifolds.
Geiges and Thomas [8] show that the Types II and III manifolds admit contact structures. On the other
hand, a necessary condition for the existence of contact structures on M>"*! is the reduction of the
structure group of TM to U (n), hence the vanishing of integral Stiefel-Whitney classes Wy; 1 (M). It
is easy to see that the Type I manifolds satisfy this necessary condition. These manifolds also satisfy
the necessary conditions on the cup length and Betti numbers in [2] for the existence of Sasakian
structures. Therefore, it would be interesting to study these geometric structures on these manifolds.

Proof of Theorem 3.7. By the Van-Kampen theorem and the Mayer—Vietoris sequence, it is easy to
see that all the manifolds in the list are orientable, with fundamental group Z/2 and torsion-free
H,, and the mj-action on H, is trivial. Therefore, we only need to verify that these manifolds have
different invariants and realize all the possible invariants.

Type I1: rank H, ((S* x RP3)d¢ (e S? x §%) x §1)) =2k + 1.
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Type 1III: the characteristic submanifold of X°(q)fs ((fx S? x S?) x S!) is just that of X3(q),
which corresponds to ¢ € Q" /4 = {0, ..., 8}.

Type 1: similarly, the manifold X°(g)fg (CP? x SHg ((# S* x §?) x S') has characteristic
submanifold invariant (¢, 1) € QF"" /4.

To give a list of standard forms of the manifolds under consideration in the topological case, we
need a topological 5-manifold which is homotopy equivalent to S?> x RP? and whose characteristic

submanifold represents the non-trivial element in QIOPPI" = Z/2. Note that by Theorem 3.4, if such
manifolds exist, then the homeomorphism type is unique. Following the notation in [9], we denote
this manifold by *(S? x RP?). We now give the construction of %(5> x RP?).

Let W = §% x RP3tg1 Eg x S!, so that 7 (W) = Z/2 and the characteristic submanifold of W is
5?2 x RP?#Eg. Leth : W — S? x RP? be a degree 1 normal map which extends the degree 1 normal
map f : S> x RP?#Eg — S x RP2. Then, by doing codimension 1 surgery on /4, we obtain a W’
with characteristic submanifold P = %(S? x RP?) and a degree 1 normal map 4’ : W' — S x RP?
extending a homotopy equivalence f’ : %(S?> x RP?) — S? x RP? (cf. [9] for the construction of
%(S2 x RP?)). The m-7 theorem allows us to do further surgeries on the complement of a tubular
neighborhood of P to obtain a homotopy equivalence.

In the topological category, there are four fake RP>’s. Two of them are smoothable. We denote
these manifolds by X°(p, q) (p € {0, 1}, ¢ € {1,3}) such that the characteristic submanifold of
XS(p, q)is (p,q) € QIOPPW/j: = {0, 1} x {0, 1, 2, 3, 4}. Similar to the smooth case, we can also
construct X3(p, q) (p € {0, 1}, ¢ € {0, 2, 4}) by a (?) circle connected sum of fake RP. (Note that
the Kirby—Siebenmann invariant is additive under the connected sum operation [20].)

THEOREM 3.11 Every closed topological orientable fibered-type 5-manifold with fundamental group
Z./2 and second homology group 7" is homeomorphic to exactly one of the following standard forms:
Type I: X*(p, )51 (8> x RP) 51 ((2k > x $%) x S,
r=2k+G6+19/2,q€{0,...,4}, p=0,1,
X2(p, @)t (CP* x SHgsi ((8k > x 82) x S*),
r=2k+Q@B+-19/2,q€{0,...,4},p=0,1;
Type I1: (52 x RP)q ((Hk S% x §2) x SY, r =2k + 1;
*(S% x RPY) g ((1k S? x 8%) x SV, r =2k + 1;
Type 111: X°(p, q)is1 (#k S? x S?) x SY), r =2k + (1 + (=1)9)/2,q € {0,...,4}, p=0, 1.

From the above list, we can also give a homotopy classification.

THEOREM 3.12 The homotopy type of M? is determined by its w,-type, rank Hy (M), and in the Type
I case the number (w,(M)*> Ut + °,[M1) € Z/2, where t € H' (M; Z./2) is the non-zero element.

Proof. Note that X°(g) and X°(p, ¢) are homotopy equivalent to RP> and the operation 51 preserves
homotopy equivalence. This proves the theorem for the Types Il and I1I cases. For Type I manifolds the
s-component of the characteristic submanifold P is determined by (w,(P)?, [P]). Since w,(P) =
i*(wa(M) + 12), it follows that (w,(P)%, [P]) = (wa(M)?> Ut + 17, [M]), and this is a homotopy
mnvariant.
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4. Bordism and surgery
4.1. The framework of modified surgery

The main tool used in our solution of the classification problem is the modified surgery developed by
Kreck [13, 14]. We first briefly describe how this theory is applied in our situation.

Let p : B — BO be a fibration, and v : M?*"—1 _ B be a lift of the normal Gauss mapv: M —
BO classifying the stable normal bundle of M. Such a lift v is called a normal B-structure of M, and
the pair (M, v) is called a normal k-smoothing in B if the map v is a (k 4+ 1)-equivalence. Manifolds
with normal B-structures form a bordism theory 2, (B, p), described in Stong [22, Chapter II].

Suppose (Ml.z’"_l, V;) (i =1,2) are two normal (m — 1)-smoothings in B, and suppose that
(W $) is a B-bordism between (M 12'”_1, V) and (Mzzm_l, V). Then the surgery obstruction for
W2 being B-bordant relative to the boundary to an s-cobordism (implying that M, and M, are
diffeomorphic) is a (—1)"-quadratic form over (A, S), where A = Z[m|(B)] is the group ring
and S C A is a certain form-parameter subgroup. The surgery obstruction lies in an abelian group

2m "(w1(B), wi(B), S) [13, Theorem 5.2 b], where w; (B) is the orientation character. This group is
related to Wall’s L-group in the following diagram [13, p. 37]:

0 — L3, (m, w)) —— L3 (1, w)) — Wh(m)

l

L5, (my, wy, S)

l

0

where Wh(sr)) is the Whitehead group (see [19]).

In our case, m; = 7Z/2, Wh(Z/2) = 0 and L{(Z/2) = Z/2. Therefore, our surgery obstruction
group is either 0 or Z/2. In the latter case, it is isomorphic to L§(Z/2), the non-trivial element is
detected by the Kervaire—Arf invariant (see Wall [24, Section 13A]). Since the closed manifold 3 x
S3 admits a framing with Arf invariant 1, we may eliminate the surgery obstruction by a connected
sum in the interior of W. We have the following proposition.

PrROPOSITION 4.1 Two smooth 5S-manifolds My and M, with fundamental group 7./2 are diffeomorphic
if they have bordant normal 2-smoothings in some fibration B.

The fibration B is called the normal 2-type of M if p is 3-coconnected. This is an invariant of
M. Because of this proposition, the solution to the classification problem consists of two steps:
first, determine the normal 2-types B for the 5-manifolds under consideration, and then determine
invariants to detect the corresponding bordism groups 25(B, p).

4.2. Normal 2-types

Let M be a fibered-type 5-manifold. The universal coefficient theorem implies that Hz(M ) @z
7 — H,(M) is an isomorphism. Since the 7 (M)-action on H, (M) is trivial, we have H» (M) Qz[m]
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Z = H,(M), therefore Hy(M) — H,(M) is an isomorphism, and also is the second Hurewicz map
(M) — Hy(M). Now suppose w1 (M) = 7Z/2 and Hy(M) = 7.

We start with the description of the normal 2-types for Type I manifolds. It is the simplest situation
and illuminates the ideas.

Type II: consider the fibration

p: B =RP® x (CP*)" x BSpin —> BO,

where p : B — BO is trivial on the first two factors and on B Spin it is the canonical projection from
B Spin onto BO. A lift v : M — B is given as follows: the map to RP* is the classifying map of
the fundamental group; choose a basis {1, ..., u,} of the free part of H*M)Z7 & Z/2, and by
realizing each element u; by a map to CP*™ we get a map to (CP*°)"; a Spin-structure on vM gives
rise to a map to B Spin. It is easy to see that (B, p) is the normal 2-type of Type II manifolds and
that v induces an isomorphism on 7r; and H,. Since the second Hurewicz maps (M) — H,(M)
and 7, ((CP*®)") — H,((CP*)") are isomorphisms, v is a normal 2-smoothing.

Type 111: let n be the canonical real line bundle over RP*°, and 2 = n & 5. Consider the fibration

p: B =RP® x (CP®)" x B Spin "% Bo x Bo -5 Bo,

where f; : RP® x (CP*)" — BO is the classifying map of pj(2n) (where p; : RP* x (CP*)" —
RP is the projection map), f> : B Spin — B O is the canonical projectionand @ : BO x BO — BO
is the H-space structure on BO induced by the Whitney sum of vector bundles. A lift v : M — B is
given as follows: the map, to RP® x (CP*)" is the same as in Type II. Since w1 (2n) = w;(1)? is the
non-zero element in Ext(H; (RP*°), Z/2) and w,(M) is the non-zero element in Ext(H,(M), Z/2),
we have w, (V*2n) = wo(vM). This implies that vM — v*2n admits a Spin-structure. Such a structure
induces a map to B Spin. Then v is a lift of v. It is easy to see that (B, p) is the normal 2-type of
Type III manifolds and v is a normal 2-smoothing.
Type I: let y be the canonical complex line bundle over CP*°. Consider the fibration
p: B =RP® x (CP®)" x BSpin " BO x Bo -2 Bo,

where f; : RP® x (CP*)" — BO is the classifying map of p;y and p, : RP* x (CP*°)" — CP™
is the projection map to the first CP>. A lift v : M — B is given as follows: since the Bockstein
homomorphism 8 : H 2(M: Z /2) > H 3(M; Z) is trivial, w, (M) is the mod 2 reduction of an integral
cohomology class. Since w, (M) is not contained in Ext(H, (M), Z/2), this integral cohomology class
can be taken as a primitive one, say, u#; and we extend it to a basis {1, ..., u,}. Then the map to
RP*> x (CP*)" is the same as above. Now vM — v*y admits a Spin-structure; this gives rise to a
map M — B Spin. Then v is a lift of v. It is easy to see that (B, p) is the normal 2-type of Type I
manifolds and v is a normal 2-smoothing.

4.3. Computation of the bordism groups

In this subsection, we calculate the bordism groups 25(B, p) for our types:

QPRP™ x (CP®)),  QP™(RP™ x (CP®); pi2n), Q" (RP™ x (CP®)'; piy).
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The main tools are the Atiyah-Hirzebruch spectral sequence and the Adams spectral sequence.
Before doing the calculation, we need to compute Qgpm (RP*°), Qgpm (RP®°; 2n) and Qgpm (RP*® x
CP*; p3y). These groups can be calculated via the Adams spectral sequence. Here we give an
alternative argument, emphasizing the role of the characteristic submanifolds.

There are long exact sequences (this is a special case of Galatius et al. [6, (3.2)])

R . 9 i i
oo Q3PN QSPINRPX: k) S QPPN(RP; (k + D) — Q0 — -
and
s QSPIN(CP; ) — QSPIM(RP™ x CP™; piy) > QPN(RP™ x CP™:p x y) —> -+ -,

where the maps 0 correspond to taking a characteristic submanifold. In particular, we have an

isomorphism Q?p n(RP®) 5 Qip ™ (RP™; 1), together with exact sequences
0 — QF"(RP®; 21) — Q"™ (RP™; 37)
and
QP (CP™; y) — QP (RP® x CP™; piy) — QP (RP® x CP™; 7 x y)
— QP"(CP™; y).
Furthermore, we have
QSPMRPY; ) = QP @SPINRP®; 3 = QP QSPN(RP™ x CP®; 1 x ) = QP
This is seen as follows: first, given [X", f] € Q'™ (RP*; n), clearly
wi(f*n) = wi(X) = wi(det TX).

Therefore, by Lemma 2.2, the Spin-structure on 7X @ f*n induces a Pin™-structure on 7X and
we have a well-defined map Q57" (RP™; 1) — QPin” Given X" together with a Pin~-structure, by
letting f : X — RP® be the classifying map for w;(X), we obtain [X, f] € QS‘”“ (RP°°; n). These
two maps are inverse to each other. The Pin™ and Pin® cases are similar.

The Pin*-bordism groups in low dimensions were calculated in [12]: we have QF" = 0 and
Qgi‘ﬁ = 7,/16, generated by £RP*. Also it is clear that, under the map

QP (RP™; 2n7) — QP (RP™; 3p) = QI
the element [RP, inclusion] goes to +RP*, therefore the map
QP (RP™; 217) — QP (RP™; 31)

is an isomorphism. An easy Atiyah-Hirzebruch spectral sequence calculation shows that
QP (CP™; y) = BPM(CP®) = 0 and Q3P (CP™; y) = QP (CP®) = Z @ Z. Therefore, the
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map Qgpm(RPoo x CP*; piy) — QP"(RP® x CP™; 5 x ) is also an isomorphism. To summa-
rize, we have the following lemma.

LEMMA 4.2 Taking characteristic submanifolds gives isomorphisms
QPMRP®) = QF L QIPM(RP®; 27 = T, QPM(RP® x CPY; phy) = QF

Now we begin the calculation of the bordism groups of interest. As in the last subsection, we start
with the Type II manifolds, which is the simplest case.
Type 1I: recall that the normal 2-type is

p: B =RP® x (CP*)" x B Spin — BO,

where p : B — BO is trivial on the first two factors and is the canonical projection from B Spin onto
BO. Therefore, the bordism group 25(B, p) is the Spin-bordism group Qgpm (RP*® x (CP*)"). To
compute this bordism group, we apply the Atiyah—Hirzebruch spectral sequence. The E 2_terms are
E2 = H,(RP® x (CP®)"; Q,”").

To illuminate the situation, we first consider the group Qgpm (RP* x CP*). The relevant terms
and differentials in the spectral sequence are depicted as follows:

The E2-terms are:

(1) E}, = H(RP® x CP®) = Z/2,

(2) E3, = Hy(RP® x CP™; Z/2) = 22 ® Z/2,

(3) E3, = E3, = H3(RP® x CP™; Z/2) 2 Z/2 ® /2,
(4) E;, = E;, = HyRP™ x CP™; Z/2) = (Z/2),

(5) E3, = Hs(RP® x CP*) = (Z/2)°,

(6) E3, = Hs(RP® x CP™; Z/2) = (Z/2)%,

(7) EZy = He(RP® x CP®) = 7Z/2.

The differential d; : E} | — E;_, , is dual to the Steenrod square
Sq? : HP72(RP® x CP*; Z/2) —> H?(RP*® x CP™;Z/2);

the differential d> : Ef;,o — E 12,72,1 is the mod 2 reduction composed with the dual of the Steenrod
square

2%
H,(RP® x CP®; Z) —> H,(RP™ x CP™; 7/2) 3 H, ,(RP® x CP*; Z/2).

With these identifications, the differentials d, starting from or ending at the line p + g = 5 are easily
computed. Leta € H' (RP*®; Z/2), B € H>(CP™; Z/2) denote the generators; then, on the E3-page,



162 I. HAMBLETON ANDYY. SU

we have three non-trivial terms in the line p + ¢ = 5: E3 ; = Z/2, dual to o*8; E3 | = Z/2, dual to
@B and E} , = Z/2. The terms E3 ; and Ej , must survive to infinity, for there are no non-trivial
differentials starting from or ending at these two positions as depicted in the above inline diagram.

There is a possibly non-trivial differential d5 : E 2!2 — E ? 4- To see that this differential is indeed
non-trivial, we just need to note that the terms Ef 4= Ef 4+ = Hi(RP*® x CP*; Z/2) come from
RP* and Qgpi" (RP®) = QFi"" = 0. Therefore, on the E®°-page, inthe line p + ¢ = 5, the non-trivial
terms are

EZ) = H;(RP®) ® Hy(CP®) = Z/2, EJ = Hy(RP™; Z/2) ® Hy(CP™; Z/2) = 7/2.

The calculation is completed once the extension problem is solved. We state the result in the
following lemma. Let t : CP® — CP®* be the involution on CP* with t, = —1 on H,(CP*); then
T induces an involution 7, on Qgpm (RP® x CP®).Leta € H'(RP*®; Z/2), B € H>(CP*®; Z/2) be
the non-zero elements.

LEMMA 4.3 The short exact sequence
0 —> Z/2 — Q"™ (RP™ x CP®) — Z/2 —> 0

is non-split, thus Q?pin(RPc’o x CP®) = Z/4. The elements 1 are represented by RP? x CP! —
RP>® x CP®. A bordism class [ X, f] equals 1 if and only if (& U B, f.[X]1) = 1 € Z/2. There is
a relation (o U B2, f.[X1) = 0. The action T, is the multiplication by —1.

Proof. There is a product map
@ : QP"(RP®) @ QP (CP®) — Q" (RP™ x CP%),

induced by the product of manifolds. There is a corresponding product map on the Atiyah—Hirzebruch
spectral sequences
¢:E, (D®E,Q2) — E, .3,

where on the E>-page ® is compatible with the filtrations on the bordism groups and on the E2-page
itis just the cross-product map (see [23, p. 352]). Itis easy to see that the Atiyah—Hirzebruch spectral
sequence of Qgpm (CP*) collapses on the line p + g = 2. Also since Q?pm (RP®) = QFin = 7/8
(by Kirby and Taylor [12]), we see that the Atiyah—Hirzebruch spectral sequence of Q37" (RP*)
collapses on the line p 4+ g = 3. From the knowledge of Eg’f’o(3) and Ei"l (3) discussed above, we see
that there are surjections

@ EF)() ® E5H(2) — ESH(3), @ EF(1) ® E5H(2) — EF(3).

Therefore, ¢ is surjective. Now Q?p in (RP®) = 7Z/8 is generated by [RP3, inclusion] and
Q™ (CP®) = Q3" @ H,(CP™). The group 257" is generated by T2 with the Lie group spin struc-
ture. The product ¢(RP?, T?) = 0, since the map RP?> x T? — RP*® x CP* factors through RP>®



5-MANIFOLDS WITH FUNDAMENTAL GROUP OF ORDER 2 163
and Q?pm (RP*°) = 0. Therefore, we have a surjection
7/8 @ 7. — Q"™ (RP™ x CP™),

This shows that Q5" (RP™ x CP®) = Z/4, generated by RP? x CP' <> RP® x CP™ and
[X, (idgrp=~ X T) o f] = —[X, f]. The fact that a bordism class [X°, flequals £1 if and only if (oz3 U
B, f«[X]) =1 € Z/2 comes from the fact that E5Y, is dual to o B. The relation (o« U 82, f.[X]) =0
comes from the fact that the dual of d» maps a8 to o>

In general, on the E*-page of the Atiyah—Hirzebruch spectral sequence for Q?pin(RP‘X’ X
(CP*)"), the non-trivial terms in the line p + g = 5 are

EZy = P H:(RP®) ® Hy(CP) & @D Hi(RP®) ® Hy(CP®) ® Hy(CPY)
i i#]
~ (Z/z)r-&-r(r—l)/Z,
EX = P H2(RP™; 2/2) ® Hy(CPYX; Z/2)

2

= (Z)2).
Using the same argument as in Lemma 4.3, we have the following proposition.

PROPOSITION 4.4 (Type 1) The bordism group Qgpin(RP"o x (CP*)") is isomorphic to (Z./4)" &
(Z)2)""=V/2 Leta € H'(RP®; Z/2), B; € HZ(CP?O; 7Z.]2) be the non-zero elements, and t; be the
involution on CP{° with 1;, = —1 on H,. Then

(1) the Z/2-factors are determined by the invariants (U B; U B;, fulX]) € Z/2, with i, j =
1,...r,andi > j;

(2) abordismclass [X, f]has component £1 in the ith Z.)4-factor ifand only if (o U B;, f.[X]) =
1eZ/2,i=1,...r;

(3) there are relations (o U /31‘27 f+«[X1) =0 foralli,

(4) the action of t; on the bordism group is multiplication by —1 on the ith 7 /4-factor and trivial
on other factors.

Type 1I1: the normal 2-type is
p: B =RP® x (CP*)" x BSpin —> BO,

where the map on RP* is the classifying map of the vector bundle 25. Therefore, the bordism group
Qs(B, p) is the twisted Spin-bordism group

Q3" ®RP x (CP™)'; pi2n) = Q7™ (Th(p}2n)).
In the Atiyah—Hirzebruch spectral sequence, the E>-terms are

E} , = H,(Th(p}2n); *™).
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Since 27 is orientable, we may apply the Thom isomorphism and after a degree shift p > p — 2,
we have E; 2 = H,(RP* x (CP*)"; Q Spm) Therefore, the E*-terms are the same as in the Type II
case, and in the identification of the differentials d,, we need to replace Sq* by Sq* + w,(2n).

As before, we first look at the group Q57" (RP® x CP*; p*2p). Clearly, Q37" (RP™; 21) = Z/16
is a direct summand. Besides this, there are two terms on the E *°-page at positions (5, 0) and (4, 1),
respectively, each isomorphic to Z/2. The extension problem is solved in the following lemma.

LEMMA 4.5 We have an isomorphism
QP (RP™ x CP™; pi(2n) = Z/4 & Qb

A bordism class [X, f]has component £1 in the Z./4-factor ifand only if (o> U B, f.[X]) =1 € Z/2.
There is a relation (o> U B, f,[X]) = (@ U B2, f.[X]). The action t, of the involution T on CP™ is
the multiplication by —1 on the 7 /4-factor and trivial on the QZW ~factor.

Proof. From the above discussion we have
QP (RP™ x CP™; pi(2n) = G @ Q5"

where the order of G is 4. To determine G, the geometric argument in Lemma 4.3 does not work since
now we have QSpm (RP*>; 2) = SZPin+ = 0. Thus, we turn to consider the Adams spectral sequence
for QtSp‘f ,(RP*® x CP>; pt(2n)) = n5_ (Th(p}(2n)) A MSpin) at prime 2:

ExtéA’(H (Th(pT(2n)) A MSpin; Fy); Fr) = n ,(Th(py(2n)) A M Spin) /non-2-torsion,
where A is the mod 2 Steenrod algebra. We have
H*(Th(pi(2n)) A MSpin; F,) = ﬁ*(Th(p’f(2n)); F») ®r, H*(MSpin; F5),

where H *(Th(py(2n)); F2) is a free F»[¢, x]-module on one generator u, of degree 2 (the Thom
class), where degr = 1 and degx = 2, and

Sq(uz) = up + tzuz.

From this we may write down the A-module structure of H*(Th(p}(2n)) A MSpin; [F,) in degree
<9, and produce a minimal free A-resolution of H*(Th(pj(21)) A MSpin; IF,) which corresponds
to the E,-term of the spectral sequence. In practice, we may ignore the pure terms from RP, since
we already know that the contribution of RP* is a Z/16-summand.

In low degrees, the E,-page of the spectral sequence is depicted as follows (with horizontal index
t — s and vertical index s. The calculation is confirmed by Olbermann and Abczynski using a computer
program developed by Bruner):

This shows that G = Z /4.
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The fact that the generators of the Z/4-factor are detected by the invariant (a® U g, f,[X]) € Z/2
and the relation (o> U B, f«[X]) = (a¢ U ﬂz, f«[X]) are seen from the Atiyah—Hirzebruch spectral
sequence, as in the Type II case. From this, we claim that [X°(0), f] represents a generator of Z/4,
where

f 1 X3(0) — RP*® x CP*®

is a normal 2-smoothing. To see this, recall that
X3(0) = (RP® — §' x DY) Uy (RP® — S' x DY),

and RP> — S' x D*is the disk bundle D(27) over RP3. Therefore, X° (0) is actually the sphere bundle
S(2n @ R). The cohomology groups are easily computed and we see that (a® U B, f,[X]) = 1.
Now let 7 : X°(0) — X>(0) be the fiberwise antipodal map; we have a commutative diagram

!
X5(0) —> RP® x CP®

i r i (id,7)
f

X3(0) —— RP>® x CP®

Since r is orientation reversing, we conclude that the action of T on the Z/4 factor is multiplication
by —1. It is also clear that the action of 7 on the Q5" is trivial.

In the general situation, the calculation is similar, and we have the following proposition.

PROPOSITION 4.6 (Type III) The bordism group Q?pm(RPO" x (CP™)"; pi(2n)) is isomorphic to
(Z)4) & (Z/2)""~D/> @ QP Furthermore,

(1) the Z/2-factors are determined by the invariants (o U B; U B;, fiulX1) € Z/2, with i, j =
1,...r,andi > j;

(2) abordismclass [ X, f] has component %1 in the ith Z./4-factor ifand only if (o> U B;, f.[X]) =
1e€Z/2,i=1,.

(3) there are relatlons (o U /3 F[X1) = (@ U B;, flX]) for all i;

(4) the action t; on the bordism group is the multiplication by —1 on the ith Z./4-factor and trivial
on other factors.

Type I: recall that the normal 2-type is
p : B =RP* x (CP*)" x B Spin — BO,

where the map p on the first CP* is the classifying map of the vector bundle y. Therefore, the
bordism group Q25(B, p) is the twisted Spin-bordism group

QP (RP® x (CP®); phy) = QP (Th(piy)).

As before, we apply the Thom isomorphism and the E>-terms in the Atiyah—Hirzebruch spectral
sequence are EIZ) s =Hp (RP* x (CP*®)"; Q Spm) where in the identification of the differentials d>,
we replace Sq° by Sq* + w,(y). The calculation is analogous to the Type II case.
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ProposiTION 4.7 (Type I) The bordism group Qgpm(RPoo x (CP®)"; p3y) is isomorphic to
Z/H @ (Z)2)""~D/2 @ QF". Furthermore,

(1) the Z/2-factors are determined by the invariants (o U B; U B;, fi[X]1) € Z/2, with i, j =
1,...r,andi > j;

(2) abordism class [X, f1has component 1 in the ith Z/4-factor if and only if (o U B; f.[X]) =
1€Z/2,i=2,...,r;

(3) there are relations (o° + o> U By, f.[X1) = 0and (a U ﬂiz, f+[X]) = (¢ U B U B;, ful X]) for
all i;

(4) the action t; (i > 2) on the bordism group is the multiplication by —1 on the ith Z/4-factor
and trivial on other factors.

5. Proofs of the main results

In this section, we prove Theorems 3.1 and 3.6. From the point of view of Proposition 4.1, the key
point in Theorem 3.1 is to show that for manifolds having the same invariants stated in the theorem,
we can find appropriate normal 2-smoothings in B, such that they are bordant in Q25(B, p). In some
applications, this is done by understanding the action of the group of fiber homotopy equivalences
Aut(B, p)on Q,(B, p). However, in our situation we find it more practical to produce the smoothings
directly.

LEMMA 5.1 Let M be a fibered-type manifold with m\(M) = 7Z/2 and Hy(M) =7'. Let t €
HY(M; Z]2) be the non-zero element, and let {t2,x1, ..., x,} be a basis of H*(M; 7]2). Then
(3, tx1,...,tx.}) is a basis of H3(M; Z./2).

Proof . Consider the Leray—Serre cohomology spectral sequence for the fibration M — M — RP>®
with Z/2-coefficients. Note that dim H>(M; Z/2) = r + 1 and dim H*(M; Z/2) = r. This implies
that the differential

dy: ES* = HX(M; 7)2) — E3° = H3(RP®; Z)2)

must be trivial. Therefore, the elements 13, tx, . .., tx, all survive to form a basis of H3(M; 7]2).

Proof of Theorem 3.1 First of all, by Lemma 2.6, we see that in the Types II and III cases, [P] €
Qgi“i /= is an invariant for M. Since we do not have a statement for Pin¢, we shall give an alternative
argument below for the Type I case.

Let f : M> — RP™ be the classifying map of 7, t = f*a € H'(M; Z/2). Consider the non-
degenerate symmetric bilinear form

A HA(M:Z)2) x HX(M; Z)2) = H*(M; Z)2) = H (M Z,)2) = 7,)2.

Type 1I: note that since (£, [M]) = (&, f«[M]) and Qgpm(RP“’) =0, we have A(t2,1%) = 0.
From this and the relations in Proposition 4.4, we see that A(x, x) = O for all x. Therefore, we may
extend ¢ to a symplectic basis of A, {t?, uy, ..., u,}. Especially, we have A(t%, u;) = 1, A(uy, u;) =0
and A(#%, u;) = Muy, u;) = 0 for i > 1. Now let u} = u; + u; for i > 1; then A(t?, u}) = 1 for all
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i and A(u}, u’j) = A(u;, uj). We may lift {u], ..., u,} to a basis of the free part of H?(M) and get
amap M — (CP*)". Together with the canonical map f : M — RP* and the classifying map of
a Spin-structure M — B Spin, we obtain a normal 2-smoothing v : M — B = RP*® x (CP*)" x
B Spin.

Now suppose that M’ is another manifold, with a normal 2-smoothing v’ constructed as above.
Then, by Proposition 4.4 (composing v’ with some 7; to interchange £ 1 in the Z/4-factors if necessary)
M, v]=[M',V]e Q?pm(RP"" x (CP*)"). Proposition 4.1 implies that they are diffeomorphic.

For the other two cases, the procedure of finding an appropriate map to (CP*°)" is similar, and
thus we omit the details.

Type 1II: first note that by the relation in Proposition 4.6, for all x € H>(M; Z/2), A(t?, x) =
A(x, x). There are two different cases:

(1) if A(£2, £?) = 0: then there exists a u; such that A(¢2, ;) = 1. On the orthogonal complement
of span(tz, uy), we have A(x, x) = 0, thus there exists a symplectic basis {uy, ..., u,}. Then
the argument is the same as in the previous case.

(2) if A(t?, %) = 1: let U be the orthogonal complement of span(z?); then A(x, x) = A(t?, x) =
0 for all x € U. There exists a symplectic basis of U, {uj, ..., u,}. Let u} = u; + t%; then
A(t2, u;) =1 forall i and A(u}, u’j) = M(u;, u;j) + 1. The remaining argument is the same as
in the previous case.

For M and M’ having the same rank H, = r, like in the Type II case, we may use maps to (CP>)"
constructed above to make the corresponding bordism classes have equal (Z/4)" @ (Z/2)""~D/2-
component. Now if M and M’ have [P] = [P'] € QEW /=, then, by choosing an appropriate Spin-
structure on TM @ f*(21), we may make the Q5™ -component equal.

Type I: let u; = wy(M). By the relation in Proposition 4.7, for all x € H>(M; Z./2), A(uy, x) =
A(x, x). To find the map to (CP*)", we have four cases:

(D) if A(#%,t>) =1 and A(u;, u;) = 0: then A is non-degenerate on span(tz, uy). Let U be the
orthogonal complement of span(tz, u1); then, for all x € U, A(x,x) = 0. There exists a
symplectic basis {us, ..., u,}.

(2) if A(#%, %) = 0 and A(uy, u;) = O: then exists a u, such that A(u;, up) = 1 and A(z2, u,) = 0.
We see that A is non-degenerate on span(u, u#;). On the orthogonal complement we have
A(x, x) = 0. Therefore, there is a symplectic basis {t2, U3y ..., Uy}

(3) if A(t?,t*) = land A(u;, u;) = 1:let U be the orthogonal complement of span(u ), then there
exists a symplectic basis {u;, us, ..., u,} for U and we may choose u, = 2 4 uy.

(4) if A(¢?,t?) = 0 and A(u;, u;) = 1: then, on the orthogonal complement of span(x;), there is a
symplectic basis {2, uo, ..., u,}.

Now we need to consider the Qginc-component. Note that since the manifolds in the list given in
Theorem 3.6 exhaust all possible values of rank H, and [ P], an M of Type I must be diffeomorphic to
some manifolds in the list. Now we just need to show that the manifolds in the list are not diffeomorphic
to each other.

The s-component of [P] € QF™ is determined by wa(P)?, therefore varying Pin‘-structures on
P* will not change the s-component. Thus, we see that the two subfamilies

X3(q)s1(S? x RP) s (8 S* x §%) x SY)
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and
X3(q)ts1 (CP* x SHga ((#S* x %) x S

do not have coincidence.

Let Q% be a characteristic submanifold of X’(g); then a characteristic submanifold of
X3 (@)1 (8% x RP)gi ((HeS? x S%) x §') can be taken as P = Q#(S? x RP?)4(S? x §2). We
have [$? x RP?] =[S? x $?] =0 € Qf". So we see [P]=q € Qi /+ and different ¢’s
give non-diffeomorphic )€ (@)ts (8% x RP) g ((#:8% x S%) x Y. Similarly for the manifolds
X3(q)8s1 (CP? x SHfgi (8 S? x S?) x §1), since [CP?] = (0, 1) € QFin".

The relations among the invariants are essentially seen in the previous proof, but there is a more
conceptual way to see this.

Proof of Theorem 3.6 'We use the semi-characteristic class defined by Lee [17]. We work with Q-
coefficient, in this case, the semi-characteristic class of an odd-dimensional manifold with a free
Z./2-action is a homomorphism

X172 Q5(Z/2) — L>(QIZ/2]) = Z/2,

where Q25(Z/2) is the bordism group of closed smooth oriented manifolds with an orientation-
preserving free Z/2-action, and L>(Q[Z/2]) is the symmetric L-group of the rational group ring
QI[Z/2]. We refer to [4, 17] for details.

Let M? be an oriented smooth 5-manifold with fundamental group Z/2; then the semi-characteristic
class xi,2 (M;Q) € Z./2 is defined. There is a characteristic class formula [4, Theorem C]

x12(M; Q) = (ws(M) U f*(a), [M]),

where f : M — RP* is the classifying map of the covering and @ € H '(RP>°; Z/2) is the non-zero
element. On the other hand, x> (M; Q) is identified with (see [4, p. 57])

212(M; Q) := dimg Hy(M; Q) + dimg Hy(M; Q) 4 dimg Hy(M; Q) (mod 2)
=1+r (mod?2).

Type 1I: the Wu classes of M are v; =0 and v, = 0 since w;(M) = wy(M) = 0. Therefore,
wy(M) = Sq2v2 = 0. This means that r is odd.

Type 11I: the Wu classes of M are vi = 0 and v, = w(M) = t2. Therefore, wy(M) = Sq2v2 =
and (wy(M) U f*(a), [M]) = (&, V,[M]). By the Atiyah-Hirzebruch spectral sequence, there is a
non-split exact sequence

0 —> Z/8 — Q"™ (RP™; 2) —> H5(RP™) —> 0.

Note that the bordism class [M, V] € Qgpin (RP®; 2n) corresponds to the Pint-bordism class of a
characteristic submanifold, which we denote by ¢g. Therefore, v,[M] = ¢ (mod 2). This implies that
r 4+ ¢ is odd.
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Type 1. the Wu classes of M are v; =0 and v, = wy(M) = v*w;,(y). Therefore, wy(M) =
Sq*vy = v*wa(y)? and (ws(M) U f*(a), [M]) = (@ U B, 0,[M]). Check on the generators of
Qgpm(RP"O x CP*®; y), RP%¢i1 (5% x RP?) with (¢ = 1, s = 0) and RP%151 (CP? x S') with (¢ =
1,s = 1);itis seen that (@ U 82, 1,[M]) = g + s (mod 2). This implies the relation g +s +r = 1
(mod 2).

6. Circle bundles over 1-connected 4-manifolds

As an application of the main results, in this section we study the classification of certain circle
bundles over simply connected 4-manifolds.

Let X* be a simply connected 4-manifold, smooth or topological, and let £ be a complex line
bundle over X, with first Chern class ¢;(§) € H*>(X; Z). Choose a Riemannian metric on &, and
then the total space of the corresponding circle bundle is a 5-manifold M. The homotopy long exact
sequence of the fiber bundle shows that w (M) = Z/m if ¢;(§) is an m-multiple of a primitive
element.

In [5], a classification of M in terms of the topological invariants of X and c;(§) is obtained
for m = 1, using the classification theorem of Smale and Barden. It is also known that H,(M)
is torsion-free of rank H,(X) — 1 and that M is of fibered type. In this section, we apply the
classification results to the m = 2 case, to give the classification of M in terms of the topologi-
cal invariants of X and c¢;(£). We also identify M in the list of standard forms in Theorems 3.7
and 3.11.

6.1. Invariants of M

In this subsection, we collect the basic algebraic-topological invariants of M.

PROPOSITION 6.1 Let M? be a circle bundle over a simply connected 4-manifold X, with first Chern
class ci(§) = 2 - (primitive); then

(1) mi(M) = Z/2;

2) Hy(M) = 7" wherer = ra}gk Hy(X)—1;
(3) the i (M)-action on Hy(M) is trivial,
(4) the type of M is given by

Type 1 Type 11 Type 111
wa(X) #0 agd ~
wy(X) #c1(§) (mod?2) wr(X)=0 wy(X)=ci(§) (mod?2)

Proof. First of all, the homotopy long exact sequence

(Y — m (M) — m(X)
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implies that 771 (M) is a cyclic group. The Gysin sequence

0 —> Hy(M) — Hy(X) 2% Hy(X) —> Hy (M) —> 0

shows that H,(M) is torsion-free of rank equal to rank H>(X) — 1 and H;(M) = 7Z/2 since
c1(§) =2 - (primitive). Note that the universal cover M is a circle bundle over X , denoted by é
with first Chern class ¢, (§ ) = %cl(é ). The 7, (M)-action on M is the antipodal map on each fiber,
and thus the commutative diagram

~ T* ~
Hy(M) —= Hx(M)

o

H>(X)

shows that the action on H, (M ) is trivial. For the Stiefel-Whitney class, if X is smooth, we have
T™™ & R = p*(T X @ &) (where p is the projection map); this implies wy (M) = p*w,(X). In general,
X — pt admits a smooth structure; then the same argument holds; see [S, Lemma 3].

6.2. Smoothings of M

PROPOSITION 6.2 Let £ : S' < M’ — X be a non-trivial circle bundle over a closed, simply
connected, topological 4-manifold. If c¢1(&) is an odd multiple of a primitive element, then M is
smoothable; if ¢ (&) is an even multiple of a primitive element, then M admits a smooth structure if
and only if KS(X) = 0.

Proof. Let M? be a topological 5-manifold; then, by Kirby and Siebenmann [11], the obstruction for
smoothing M liesin H*(M; m3(Top /0)) = H*(M; n3(Top /PL)) = H*(M; Z/2) = H,(M; Z./2).
The latter group is trivial if ¢; (§) is an odd multiple of a primitive element. On the other hand, we have
TM@®R =n*(TX @ &), where  is the projection map. Therefore, the obstruction for smoothing M
is m*KS(X). It is seen from the Gysin sequence that 7* : H*(X; Z/2) — H*(M; Z/2) is injective
if ¢;(£) is an even multiple of a primitive element. Therefore, M admits a smooth structure if and
only if KS(X) = 0.

Now we give a geometric description of the characteristic submanifold of a circle bundle over
simply connected X*.

LEMMA 6.3 Let £ : S' < M — X be a circle bundle, m, (M) = Z/2. Let F C X be an embedded
surface dual to ¢ (é), N (F) be a tubular neighborhood of F in X and S' < B — F be the restriction
of & on F. Then there is a double cover map ON (F) — B and the characteristic submanifold of M
is P* = (X — N(F)) U, B.

In other words, the characteristic submanifold P is obtained by removing a tubular neighborhood
of an embedded surface dual to ¢ (§) and then identifying antipodal points on each fiber.
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Proof. Since c(§) = 2-(primitive), the circle bundle is the pullback of the circle bundle over CP?
with first Chern class = 2-(primitive):

Sl;sl

L,

M5 — RPS 5 RP* =RP3U D4
b
X —— Cp? = CP'uU D*

Now P = f~!(RP*) = f~1(D* Ug RP?). Let F = g~!(CP!) be the transverse preimage of CP';
then the normal bundle v of F in X is the pullback of the Hopf bundle, and the restriction of £ on F' is
v ® v, therefore there is a double cover dN (F) — B.Itiseasy tosee that P* = (X — N(F)) U, B.

LEMMA 6.4 Let P be as above. Then KS(P) = KS(X).

Proof. Weidentify N (F) with the normal 2-disk bundle. Let V be the associated RP2-bundle obtained
by identifying antipodal points on d N (F). Then, by the construction,

P=X Un(F)x{0) N(F) x1 UnFyx{1} V.
Therefore, P is bordant to X LI V. It was shown by Hsu [10] and Lashof-Taylor [15] that the Kirby—

Siebenmann invariant is a bordism invariant, thus KS(P) = KS(X) + KS(V) = KS(X) since V is
smooth.

6.3. Classification

Now we can give a classification of circle bundles over 1-connected 4-manifolds, and identify them
with the standard forms in Theorems 3.7 and 3.11, in terms of the topology of X and §.

For the Type Il manifolds, the classification is an immediate consequence of Theorems 3.1 and 3.4.
THEOREM 6.5 (Type II) Let X be a closed, simply connected, topological spin 4-manifold, and

£: 8" < M’ — X beacircle bundle over X with ¢| (&) = 2. (primitive). Then we have the following
conditions:

(1) if KS(X) = 0, then M is smoothable and M is diffeomorphic to
(8% x RPY g1 ((#S? x %) x S1),

(2) if KS(X) = 1, then M is non-smoothable and M is homeomorphic to
#(8% x RPY g1 (S x §) x S1),

where k = rank H>(X)/2 — 1.
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REMARK 6.6 Note that, for a spin 4-manifold X, rank H,(X) is even and thus & is an integer.

For smooth manifolds of Type III, we do not know a good invariant detecting the bordism group
le‘ﬁ. Therefore, we could only determine the diffeomorphism type up to an ambiguity of order 2.
This is based on the following exact sequence (see [12, Section 5])

. wz . —
0 7/2 — @i 1% g

where (") w? is the operation of taking a submanifold dual to w?. The generators of Q5" are £RP?
and () w? maps £RP* to £RP?. The image of [P] in 5 can be determined from the data of the
circle bundle.

In the topological case, we have an epimorphism (see [12, Section 9])

TopPin™* TopPin™ ~
Q40p in Q20p in”~ ~ Z/S,

which is an isomorphism on the subgroup generated by RP*. By Lemma 6.4 we have KS(P) =
KS(X). Therefore, by Theorem 3.4, we have a complete topological classification.

THEOREM 6.7 (Type Ill) Let X be a closed, simply connected topological 4-manifold, and let § :
S!' < M° — X be a circle bundle over X with c1(£) = 2-(primitive) and w,(X) = ¢ (§) (mod 2).
Then we have the following conditions:

(1) if X is smooth, then the diffeomorphism type of M (with the induced smooth structure) is
determined up to an ambiguity of order 2 by rank Hy(X) and (c\(§), [X]) € (Z/8)/+ =
{0,1,2,3,4}.

(2) M is homeomorphic to Xs(p,q)jisl((jikS2 x §2) x SY, where q = (cl(é)z, [X]) e
(Z/8)/£ =1{0,1,2,3,4}, k = (rank Hy(X) — 3+ (—1)?)/2)/2, and p = KS(X).

Proof. We only need to prove (1), since the proof of (2) is similar. We see from the proof of Lemma 6.3
that P = f~!(RP*), where f : P — RP* induces an isomorphism on 7. If the mod 2 degree of f
is 1, then the submanifold dual to w;(P) is f~'(RP?), and the submanifold V dual to w;(P)? is
f~1(RP?). Now we have the following commutative diagram:

51;51

I

ON(F) — RP? SDRP2=Dp?>US!
|
F —— Cp! = D?U pt

Letd =degg = (c1(§)2, [X1)and D = g~ '(pt) = {p1, ..., pa}. It is seen that V = F Y RP?) =
(F — D) U, d - S (where the glueing map is of degree 2) and [V] = d - [RP?] € Q5™ . If the mod 2
degree of f is zero, then we consider the circle bundle over XCP? with first Chern class (c; (§), 2).
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The corresponding map has non-zero mod 2 degree; the image of the corresponding characteris-

tic submanifold in Q5™ equals that of the original one plus 1. Finally, ((c(§), 1)?, [X#CP?]) =
(61(5)2, [XT]) + 1. This proves the theorem.

For the manifolds of Type I, we have the following theorem.
TueoreM 6.8 (Type I) Let X be a closed, simply connected non-spin topological 4-manifold, and § :

S' < M° — X be a circle bundle over X with ¢\ (&) = 2- (primitive) and w,(X) # ¢1(£) (mod 2).
We have the following conditions:

(1) if KS(X) =0, then M is smoothable and
@) if (w2 (X)%, [X]) = (c1(8)?, [X]) (mod 2), then M is diffeomorphic to

X2 ()5 (S* x RPY) g1 ((1xS? x 8%) x 81,
where ¢ = (c1(§)%, [X]) € (Z/8)/+ = {0, 1,2, 3,4} and
k = 3 (rank Hy(X) — 3(7+ (=1));
(i) if (w2(X)2, [X1) 2 (c1(E)2, [X]) (mod 2), then M is diffeomorphic to
X (@)ts (CP? x SHsr ((xS* x §%) x 81,
where ¢ = (c; (5)2, [X]) e (Z/8)/£ =1{0,1,2,3,4} and
k = 3(rank Hy(X) — 5(5 + (=1)%)),

(2) if KS(X) = 1, then M is non-smoothable and
G) if (wa(X)?%, [X]) = (c1(€)?, [X]) (mod 2), then M is homeomorphic to

X°(1, )51 (S* x RPY) 1 (£ §7 x %) x 81,
where g = (cl(é)z, [X]) e (Z/8)/£ =1{0,1,2,3,4} and
k = 3 (rank Hy(X) — 3(7 + (=1D?));
(i) if (wa(X)2, [X]) 2 (c1(§)2, [X]) (mod 2), then M is homeomorphic to
X°(1, )5 (CP* x SHter (1> x §%) x S,
where g = (c; (§)2, [X]) e (Z/8)/£ =1{0,1,2,3,4} and
k = 1(rank Hr(X) — (5 + (=D?)).

REMARK 6.9 Note that, for a 4-manifold X, (w,(X)?, [X]) = rank H,(X) (mod 2). This ensures that
k is an integer.



174 I. HAMBLETON ANDY. SU

Proof. We only need to prove (1); the proof of (2) is similar. Recall that we have QZ“"C =Z/807Z/2,
with generators RP* and CP2. Thus, the g-component is determined as in the Type III case. The
s-component of P is determined by the bordism number (w,(P)2, [P]) € Z/2. (Here we use the
notation given before Theorem 3.6.) Since KS(X) = 0, there exists an integer m such that Xy =
Xtm(S? x §?)is smooth. Note that if we do the same construction on X, we get Py = Pim(S? x §?),
and (w1 (Py)?, [Py]) = (wy(P)?, [P]). Therefore, to compute the s-component, we may assume that
X is smooth. Recall that P = (X — N(F )) Uy B; itis seen that the bordism class of P is determined
by the bordism class of the pair (X, F'), which can be viewed as a singular manifold (X, f) €
Qu(BU(1)) = Q4 & Hy(BU (1)). We have two homomorphisms

Qu(BU(1)) — Z/2, [X, Fl+ (wy(P)* [P])

and
QBU®)) — Z/2, [X,c1(E)] > (wa(X)? + c1(5)2, [X]).

By a check on the generators (CP24(S% x §2), ¢;(§) = (1,0, 1)) and (CP2#(S% x §2), ¢;(€) =
(0,0, 1)), we see that s = (w,(P)2, [P]) = (w2(X)? + ¢1(§)2, [X]) (mod 2). The two cases cor-
respond to the values s = 0 and s = 1. For the proof of (2), the only change is that SZZOP =Z®ZL/2
with generators CP2 and «CP2#CP2 [10].
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